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The way a principle system and its environment interact characterizes the non-Markovianity
of the dynamics. Herein, we investigate the non-Markovian dynamics of photon polarization in
a birefringent crystal. We consider the so-called “quantity of quantum-mechanical process” first
defined by Hsieh et al. [Sci. Rep. 7, 13588 (2017)]. The non-Markovianity of the photon dynamics
is evaluated by examining the quantity of quantum-mechanical process varying with time, and
the difference between the quantity of quantum-mechanical process in a complete dynamics and
that in a process composed of two subprocesses. We show that all of the processes identified as
Markovian in the seminal study of Liu et al. [Nat. Phys. 7, 931 (2011)] can actually be identified
as non-Markovian. The presented method enables us to classify non-Markovianity in the dynamical
processes that are classified as Markovian by existing verification criteria. Overall, the results
confirm the feasibility of performing the experimental characterization of photon dynamics using an
all-optical setup and provide a useful insight into enhancing the accuracy and control of quantum
system designs for quantum engineering applications.
I. INTRODUCTION
In an ideal isolated quantum system, the time evolu-
tion of the system state is governed by the Schro¨dinger
equation under the postulate of quantum mechanics
[1, 2]. In real-world scenarios, however, the physical sys-
tem is inevitably affected by its environment. The dy-
namic behavior of such an open quantum system arises
from an interaction between the system and its environ-
ment. Several important tools have been developed to
describe and understand the properties of open quan-
tum system, such as the functional integral [3], the pro-
jection operator [4], the effective modes [5], the recur-
sive approach [6], and the quantum operations formalism
[2, 7, 8]. Moreover, the system dynamics can be clas-
sified according to both the observed phenomena and
dynamical map types in the mathematical formalism.
Markovian and non-Markovian dynamics are recognized
as important examples of distinct dynamic behavior and
map structures. Accordingly, the problem of quantifying
non-Markovian dynamics has attracted great attention
in the literature [8–14]. Compared to qualitative analy-
sis, a quantitative description can convey more compre-
hensive information about the degree of non-Markovian
behavior (i.e., the so-called non-Markovianity).
The first quantitative measure of non-Markovianity
was proposed by Breuer, Laine, and Piilo (BLP) [15, 16],
who reasoned that, if a system undergoing Markovian
dynamics exhibits a monotonic decrease in the trace
distance of two system states, then non-Markovianity
can be defined as an increase in the trace distance. Ri-
vas, Huelga, and Plenio (RHP) [17] found that Marko-
vian dynamics can cause a monotonic loss of entangle-
ment between the system in the environment and an iso-
lated ancilla. They thus define the non-Markovianity as
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an increase in the entanglement intensity, as quantified
by the concurrence. From an information perspective,
Markovian dynamics monotonically reduce the mutual
information between the system and the ancilla. Conse-
quently, Luo, Fu, and Song (LFS) [18] defined the non-
Markovianity as an increase in the mutual information
between a system and an ancilla.
Aside from the intrinsic interest of open quantum
systems, evaluating non-Markovianity is also of signif-
icant benefit in enhancing the accuracy and control of
quantum system designs for quantum engineering ap-
plications. For example, the experiment of Liu et al.
[19] demonstrated the feasibility for investigating the
Markovian and non-Markovian dynamics of single pho-
tons in a birefringent crystal using an all-optical setup.
In particular, the authors used the BLP and RHP non-
Markovianity measures to classify the photon dynam-
ics, and then experimentally demonstrated a method for
controlling the dynamics transition between Markovian
and non-Markovian according to these non-Markovianity
measures.
Herein, we propose a method for examining the pho-
ton dynamics in a birefringent crystal by utilizing the
quantity of quantum-mechanical process. In accordance
with the definition of classical process introduced by
Hsieh, Chen, and Li (HCL) [20], the dynamics of a
system are identified as classical if both the initial sys-
tem states and their subsequent time evolutions can be
described by classical physics [20]. Therefore, a truly
quantum-mechanical process can go beyond this descrip-
tion. As will be shown in the following, the interac-
tions between single photons and birefringent crystal in-
duce the dynamical changes in the quantity of quantum-
mechanical processes on photons. It will additionally be
shown that such a characteristic of the system and its en-
vironment can be utilized to identify the non-Markovian
dynamics for processes that cannot be identified by using
existing non-Markovianity measures such as the BLP,
RHP, and LFS criteria. All of the experimental demon-
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FIG. 1. Schematic illustration of experimental set-up used
to measure the non-Markovianity of the photon dynamics
in a birefringent crystal. Single photons are created from
a source. The polarization degrees of freedom of the photon
are initialized to an arbitrary state |λ〉 using a half-wave plate
(HWP1) and a quarter-wave plate (QWP1). A Fabry-Pe´rot
(FP) cavity is then used to prepare different frequency states∣∣Ωθ〉 under different tilt angles θ. An interference filter is
placed after the FP cavity to filter out at most two trans-
mission peaks. These two degrees of freedom of the photons
are subsequently coupled together in a quartz plate, where
the polarization states become dependent on the frequency
states in accordance with Eq. (1). Finally, the tomography
of the polarization states is measured by a polarization ana-
lyzer composed of HWP2, QWP2, a polarizing beam splitter
(PBS), and two detectors. Such a setup enables the process
tomography of the photon dynamics χθt to be measured in
order to identify their non-Markovianity using the criteria
given in Eqs. (10) and (11).
strations of photon dynamics reported in Ref. [19] are
strictly evaluated as non-Markovian. Finally, the condi-
tions of the systems and experiments required to achieve
a true transition from non-Markovian to Markovian dy-
namics are presented and discussed.
The study commences by formulating a description
of the photon dynamics in terms of the process matrix.
By systematically exploiting the experimental data re-
ported in Ref. [19] to construct a faithful process ma-
trix, we objectively analyze the non-Markovianity of the
experimental processes using the HCL non-Markovian
criteria. Finally, the photon dynamics classification re-
sults determined in the present study are compared with
the experimental observations obtained using the BLP,
RHP, and LFS non-Markovian criteria.
II. PHOTON DYNAMICS IN BIREFRINGENT
CRYSTAL
A. Photonic interaction mediated by birefringent
crystal
When a photon enters a birefringent crystal (e.g., a
quartz plate), the two degrees of freedom, polarization
state |λ〉 and frequency state ∣∣Ωθ〉 ≡ ∫ dωfθ(ω) |ω〉, of
the photon are coupled by the quartz plate (see Fig. 1).
The time evolution of the photon states in the quartz
plate can be described by the following unitary transfor-
mation [21–23]:
U(t) |λ〉 ⊗ ∣∣Ωθ〉 = ∫ dωfθ(ω)eiωnλt |λ〉 ⊗ |ω〉 , (1)
where λ = H,V denotes the horizontal and vertical po-
larizations, respectively, and nλ represents the refraction
index of polarization λ of the quartz plate. In addition,
the function fθ(ω) describes the amplitude in a mode
with the frequency ω and can be modulated by adjust-
ing the tilt angle θ of a Fabry-Pe´rot (FP) cavity placed
before the plate. The frequency distribution |fθ(ω)|2
satisfies the normalization condition
∫
dω|fθ(ω)|2 = 1.
Since fθ(ω) is modulable, the frequency state
∣∣Ωθ〉 can
be optionally prepared by adjusting the tilt angle θ of
the FP cavity as required. [Note that such a state
design and creation have been experimentally demon-
strated in Ref. [19] as a means of investigating the non-
Markovianity of the photon dynamics shown in Eq. (1).
See Sec. IV for a more detailed discussion.]
When we focus on the dynamical changes of the polar-
ization states with time, the polarization degree of free-
dom can be considered as the principal system and the
frequency degree of freedom as the environment. Equa-
tion (1) thus describes the interaction induced between
the system and its environment by the quartz plate. The
interaction period of such an open system is determined
by the evolution time t in Eq. (1) and is experimentally
controllable through the thickness of the quartz plate.
B. Process matrix
In order to concretely describe the photon dynamics
of the principal system alone, we start by analyzing the
dynamics specified by Eq. (1) using the quantum op-
erations formalism. Let us assume that the system and
environment are initially prepared in states ρS0 = |λ〉 〈λ|
and ρE0 =
∣∣Ωθ〉 〈Ωθ∣∣, respectively. After the interaction
process in the quartz plate, U(t), the final state of the
system ρSt can be obtained by the following partial trace
over the environment:
ρSt ≡ trE [U(t)(ρS0 ⊗ ρE0 )U(t)†]
=
∫
ω
dω|fθ(ω)|2
[
1 0
0 eiω∆nt
]
ρS0
[
1 0
0 −eiω∆nt
]
,
(2)
where ∆n = nV − nH depends on the specification of
the quartz plate. In other words, once the frequency
distributions |fθ(ω)|2 and the change of refractive index
∆n are known, the final states ρSt can be determined in
principle.
According to the quantum operations formalism [2,
7, 8], the initial states ρS0 and final states ρ
S
t shown in
Eq. (2) can be associated via the following dynamical
map:
χθt : ρ
S
0 7→ ρSt . (3)
3That is, the final state can be explicitly represented as
ρSt ≡ χθt (ρS0 )
=
4∑
m=1
4∑
n=1
χθt,mnMmρ
S
0Mn
†, (4)
where M1 = I,M2 = X,M3 = −iY and M4 = Z. The
coefficients χθt,mn can be obtained by comparing Eqs. (2)
and (4), and constitute a so-called process matrix for
describing the dynamical map of the polarization states
of the photons, i.e.,
χθt =
1
4

2 + κθ(t) + κθ∗(t) 0 0 κθ(t)− κθ∗(t)
0 0 0 0
0 0 0 0
κθ∗(t)− κθ(t) 0 0 2− κθ(t)− κθ∗(t)
 .
(5)
In Eq. (5), κθ(t) denotes the decoherence factor and is
given by the corresponding frequency distribution at tilt
angle θ of the FP cavity, i.e.,
κθ(t) =
∫
dω|fθ(ω)|2eiω∆nt. (6)
For convenience, we use the process matrix given in
Eq. (5) to refer to the physical process throughout the
remainder of the text.
In practical experiments, the process matrix can be
measured using a process tomography technique [2] im-
plemented using the optical set-up shown in Fig. 1. The
main tomographic procedures are summarized as follows.
First, the initial states of the principal system are pre-
pared using half-wave plate 1 (HWP1) and quarter-wave
plate 1 (QWP1) in order to produce four different po-
larization states: ρS0 ∈ {|λ〉 〈λ| |λ = H,V,+, R}, where
|+〉 = (|H〉 + |V 〉)/√2 and |R〉 = (|H〉 + i |V 〉)√2. Fol-
lowing the system-environment interaction mediated by
the quartz plate, the tomographic information of the fi-
nal states ρSt is obtained using a polarization analyzer
composed of HWP2, QWP2, and a polarization beam
splitter (PBS). Given the measurement results for the
four output states and the algorithm of process matrix,
the corresponding experimental process matrices then
can be systematically obtained. Ideally, these measured
dynamical maps should be consistent with the theoreti-
cal maps shown in Eq. (5).
III. IDENTIFYING NON-MARKOVIANITY BY
QUANTIFYING QUANTUM-MECHANICAL
PROCESSES
A. Markovian dynamics
As shown in Eq. (3), the evolution of the principal
system ρS0 over a time duration t can be described by
the process χθt . It is worth noting that, according to the
(b)
(a)
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FIG. 2. Schematic illustration showing concept of Marko-
vian dynamics. The initial states of the principal system ρS0
individually undergo (a) a dynamical process χθt and (b) a
process composed of two CPTP sub-processes, χθt1 and χ
θ
t2
with arbitrary time t1. If the final states ρ
S
t obtained from
(a) and (b) are identical for arbitrary initial states ρS0 , then
χθt = χ
θ
t2χ
θ
t1 and the process χ
θ
t is said to be a Markovian
dynamic.
quantum process formalism, χθt is completely positive
and trace preserving (CPTP) by definition, as illustrated
in Eq. (5).
When the photon dynamics of the system are Marko-
vian, the process matrix χθt satisfies the semigroup prop-
erty [24–27]. In other words, χθt can be decomposed into
two separate CPTP subprocesses, χθt1 and χ
θ
t2 , i.e.,
χθt = χ
θ
t2χ
θ
t1 , (7)
for arbitrary time t1, where 0 < t1 < t and t = t1 + t2.
(see Fig. 2). Thus, if a dynamical map does not satisfy
this Markovian condition, i.e., χθt 6= χθt2χθt1 , χθt can be
characterized as non-Markovian.
B. Classical and quantum-mechanical processes
In order to examine the non-Markovianity of an un-
known dynamics from a process perspective, let us
first review the fundamental concepts of classical and
quantum-mechanical processes [20].
For a classical process, denoted as χC , the initial sys-
tem states can be considered as a physical object with
properties which satisfy the assumption of realism and
evolve according to classical stochastic theory [20]. Here,
the assumption of realism indicates that the system is
in a state described by a set of measurement outcomes.
Moreover. the dynamics of these classical states are fully
described by the transition probabilities from a specific
state to a final state. If the system dynamics cannot be
described at all by any classical processes, then the pro-
cess is said to be a genuine quantum process (denoted
by χQ).
4From this point of view, the system dynamics χθt can
be characterized using χC and χQ. Two different meth-
ods have been proposed for giving a quantitative descrip-
tion of a quantum-mechanical process, namely the com-
position αθχt and the robustness β
θ
χt . The composition
αθχt describes the minimum quantity of quantum pro-
cesses that can be found in χθt , i.e.,
χθt = α
θ
χtχQ + (1− αθχt)χC . (8)
By contrast, the robustness βθχt shows the ability of χ
θ
t
to tolerate the minimum amount of noise to become a
classical process, i.e.,
χθt + β
θ
χtχ
′
1 + βθχt
= χC , (9)
where χ′ denotes the process noise [20]. For example,
if χθt is unitary, we have α
θ
χt = 1 and β
θ
χt ' 0.4641,
which implies that it cannot be described by any classical
process. The αθχt and β
θ
χt for process can be considered
as an extension of the composition [28] and robustness
[29] for describing state characteristics.
C. The HCL non-Markovian criteria
As shown in Ref. [20], α and β should monotonically
decrease with time for a Markovian process. Hence, if an
increasing result from χθt is observed, then the process
can be verified as non-Markovian. In other words, the
non-Markovianity of χθt can be evaluated by integrating
the positive derivative of αθt or β
θ
χt with respect to time,
i.e.,
W θαθχt
≡
∫ t
0; dαdt >0
˙αθχtdt > 0,
W θβθχt
≡
∫ t
0; dβdt >0
˙βθχtdt > 0,
(10)
where the superscripts of W θαθχt
and W θβθχt
indicate that
the angle of the FP cavity θ is chosen in the experiment.
If, on the other hand, χθt is Markovian, there exists no
difference between αθχt and α
θ
χt2χt1
and βθχt and β
θ
χt2χt1
according to the Markovian condition given in Eq. (7)
(and shown also in Fig. 2). Here the subscripts of αθχt
and αθχt2χt1 (β
θ
χt and β
θ
χt2χt1
) indicate that the compo-
sition α (robustness β) is derived from a single process
χt and composite process χt2χt1 , respectively. An in-
validation of this consistency reveals that the process is
non-Markovian. In other words, non-Markovian dynam-
ics are identified when
N θα ≡ |αθχt − αθχt2χt1 | > 0,
N θβ ≡ |βθχt − βθχt2χt1 | > 0.
(11)
IV. NON-MARKOVIAN DYNAMICS OF
PHOTON POLARIZATION STATE
A. Experimental results of Liu et al. [19]
In the experimental work of Liu et al., the non-
Markovianity of the photon dynamics is first classified
using the BLP criterion based on the dynamical changes
of the trace distance between two system states. Con-
sider two system initial states, ρS0,1 and ρ
S
0,2, with a
trace distance DS0 = ‖ρS0,1 − ρS0,2‖/2 between them,
and two corresponding final states, ρSt,1 and ρ
S
t,2, with
DSt = ‖ρSt,1 − ρSt,2‖/2. If DSt > DS0 , the dynamics of χθt
are classified as non-Markovian according to the BLP
criterion. (See Appendix 1 for a more detailed review.)
In the experiments reported in Ref. [19], the two sys-
tem states are initially prepared as ρS0,1 = (|H〉+|V 〉)/
√
2
and ρS0,2 = (|H〉 − |V 〉)/
√
2 using a HWP. Note that the
experimental setup is similar to that shown in Fig. 1.
In particular, specific tilt angles θ of the FP cavity are
set to create different initial states of the environment.
A 4 nm FWHM (full width at half maximum) interfer-
ence filter is used to filter out at most two transmission
peaks. The frequency distribution corresponding to each
value of θ is then measured using a monochromator, as
illustrated in Fig. 3. After interacting with the environ-
ment in the quartz plate as described in Eq. (1), the final
states of the principal system, i.e., ρSt,1 and ρ
S
t,2, respec-
tively, are measured tomographically using a polariza-
tion analyzer. The classification of the photon dynamics
reported in Ref. [19] is shown in Fig. 4. As shown, for
4.0◦ < θ < 8.0◦, the photon dynamics are identified as
Markovian using the BLP criterion.
The experimental work of Liu et al. [19] also demon-
strates the RHP non-Markovian criterion, and com-
pares the observation results with those obtained us-
ing the BLP criterion. The related experiment pre-
pares a maximally entangled state of the principal sys-
tem and an ancilla which is isolated from the envi-
ronment, as ρSA0 =
∣∣ψSA0 〉 〈ψSA0 ∣∣, in which ∣∣ψSA0 〉 =
(
∣∣HSHA〉 + ∣∣V SV A〉)/√2, and the superscript A de-
notes the ancilla. The concurrence of this initial state is
C(ρSA0 ) = 1 [30]. Since the principal system is subject
to the dynamical process χSt , the state of the compos-
ite system is given by ρSAt = χ
S
t ⊗ IAt (ρSA0 ), where IAt
denotes an identity process operating on the ancilla. In
the experiment, the final state ρSAt can be measured us-
ing two-photon state tomography, and hence the C(ρSAt )
can directly be determined. A Markovian process causes
C(ρSAt ) to monotonically decrease with time t. The ex-
perimental results classified by the RHP criterion are
shown in Fig. 4, and indicate that the photon dynam-
ics for 4.0◦ < θ < 8.0◦ are Markovian. In other words,
the identification results are identical to those obtained
using the BLP criterion. (A more detailed discussion re-
garding concurrence and the RHP criterion is presented
in Appendix 2.)
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Figure 1 | The experimental set-up. Key to the components:
HWP—half-wave plate, QWP—quarter-wave plate, IF—interference filter,
QP—quartz plate, PBS— polarizing beamsplitter, FP—Fabry–Pérot cavity,
and SPD—single photon detector.
a monotonically decreasing function of time, and in fact any
temporary increase of the trace distance is a signature of quantum
memory effects. Defining the rate of change of the trace distance
by   (t ,⇢1,2(0))= (d/dt )D(⇢1(t ),⇢2(t )), our measureN (8) for the
non-Markovianity of the process is therefore given by
N (8)=max
⇢1,2(0)
Z
 >0
dt   (t ,⇢1,2(0)) (1)
Here, the time-integration is extended over all subintervals of
[0,T ] in which the rate of change of the trace distance   is
positive, and the maximum is taken over all pairs of initial
states. The quantity (1) thus measures the maximal total increase
of the distinguishability over the whole time-evolution, that is,
the maximal total amount of information that flows from the
environment back to the open system.
In our experiment the open quantum system is provided by the
polarization degree of freedom of photons coupled to the frequency
degree of freedom representing the environment. The experimental
set-up is shown in Fig. 1. An ultraviolet argon-ion laser is used
to pump two 0.3mm thick BBO crystals cut for a type I down-
conversion process to generate arbitrary pure two-qubit states. A
fused silica plate (0.04mm thick and coated with a partial reflect-
ing coating on each side, with approximately 85% reflectivity at
702 nm) is used as a Fabry–Pérot (FP) cavity. The cavity is mounted
on a rotator which can be tilted in the horizontal plane. A 4 nm (full
width at halfmaximum) interference filter is placed after the FP cav-
ity to filter out at most two transmission peaks. The corresponding
interference filter in the other arm is 10 nm. The polarization and
frequency degrees of freedom are coupled in a quartz plate in which
different evolution times are realized by varying the thickness of the
plate. A polarizing beam splitter together with a half-wave plate and
a quarter-wave plate is used as a photon state analyser.
The half-wave plate HWP2 and the tilted FP cavity are used to
prepare the initial one-photon states | 1,2(0)i=|'1,2i⌦| i, where
|'1,2i= 1p
2
(|H i±|V i) (2)
with |H i and |V i denoting the horizontal and the verti-
cal polarization states, respectively. The environmental state
| i= R d! f (!)|!i involves the amplitude f (!) for the photon
to be in a mode with frequency !, which is normalized as
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Figure 2 | The frequency spectrum of the initial state for various values of
the tilt angle ✓. See the Supplementary Information for further details.R
d! |f (!)|2 = 1. The form of the frequency distribution |f (!)|2,
and thus the initial state of the environment, can be controlled by
the tilt angle ✓ of the FP cavity. Figure 2 shows how ✓ determines the
structure of the frequency spectrum and, thus, the environmental
initial state | i. By changing the initial state of the environment
in the experiment we modify the open system dynamics in a way
which allows us to observe transitions between Markovian and
non-Markovian quantum dynamics.
In the first version of the experiment, HWP1 is fixed at zero
degrees to generate a two-photon state. Photon 2 is directly detected
in detector SPD at the end of arm 2 as a trigger for photon 1. Photon
1 first passes through HWP2, preparing it in the state |'1i or |'2i.
The subsequent interaction between polarization andmode degrees
of freedom in the quartz plate is described by a quantum dynamical
map 8t acting on the open system, where the interaction time t is
related to the variable length L of the quartz plate as t =L/c . Finally,
full state tomography is carried out in detector SPD at the end of
arm 1 to determine the polarization state ⇢1,2(t )=8t (|'1,2ih'1,2|)
of photon 1. This allows the direct experimental determination
of the trace distance D(⇢1(t ),⇢2(t )) between the two possible
one-photon states after a certain interaction time t , controlled
by the length L of the quartz plate. Experimental results for four
different values of the tilt angle ✓ of the FP cavity are shown in
Fig. 3a. We clearly observe a crossover from a monotonic to a
non-monotonic behaviour of the trace distance as a function of
time, that is, a transition from a Markovian to a non-Markovian
dynamics for the polarization degree of freedomof the photon.
The experimental results admit a simple theoretical analysis
which is based on the fact that the time evolution in the quartz plate
may be described by the unitary operatorU (t ), which is defined by
U (t )|⌦i⌦ |!i= ein⌦!t |⌦i⌦ |!i
where n⌦ represents the refraction index for light with polarization
⌦ = H ,V . The presence of the quartz plate thus leads to the
decoherence of superpositions of polarization states, which is due
to a nonzero difference 1n= nV nH in the refraction indices of
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FIG. 3. Simulated frequency spectrums of the initial state
for various values of the tilt angle θ. Note that the sim-
ul ted spectrums (blue-dotted li es) are construct using
the experimental data measur d by a monochromator (red
lines) reported in Ref. [19]. Note also that the count rate of
the monochromator corresponds to the amplitude which is
an introduced parameter used in the frequency distribution
function.
B. Non-Markovianity identified by he criteria
(10) and (11)
1. Construction f the experimental process matrix χθt
In order to identify the non-Markovianity of χθt in
Eq. (5) using the criteria (10) and (11), it is necessary to
compl tely know the frequency distribution |fθ(ω)|2 and
refraction index difference ∆n in Eq. (6). Here, in order
to objectively compare the present results with those of
Liu et al. [19] (as will be shown in Sec. IV C), |fθ(ω)|2
and ∆n are derived directly from their experime tal re-
port data.
Notably, there are no exact functions available for de-
scribing th frequency distributi ns i Ref. [19]. Thus,
it is n c sary to co st uct the frequency istributions
from scratch by using a frequency model to fit the mea-
sured frequency spectrums reported in the related ex-
periment. In practice, the frequency distributions can
be model d as the sum f two Gaussian distributions
with frequency centers of ωc1 and ωc2, respectively, and
standard deviations of σ1 and σ2, i.e.,
|fθ(ω)|2 =
2∑
j=1
aj
a1 + a2
1
σj
√
2pi
exp
(
− (ω − ωcj)
2
2σ2j
)
,
(12)
where a1/(a1 + a2) and a2/(a1 + a2) are the amplitudes
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FIG. 4. Non-Markovianity of the photon dynamics re-
ported in Ref. [19]. The green and blue bars show the non-
Markovianity identified by the BLP criterion and RHP cri-
terion, respectively. Note that, when 4.0◦ < θ < 8.0◦, the
photon dynamics are Markovian, as characterized by both
the BLP and RHP criteria.
TABLE I. Parameters used in fitting the experimental fre-
quency spectrums of Liu et al. [19]. The frequency distri-
butions |fθ(ω)|2 created using Eq. (12) are consistent with
the experimental spectrums reported in Ref. [19]. Given
the frequency distributions generated from Eq. (12) and ∆n,
Eqs. (5) and (13) can be used to specify the photon dynamics
for each considered θ.
θ(◦) ωc1(nm) ωc2(nm) a1 a2 σ1(nm) σ2(nm)
1.5 700.608 704.286 0.787 1.455 0.185 0.212
2.5 700.476 704.153 0.545 1.636 0.212 0.225
3.5 700.238 703.836 0.182 1.787 0.172 0.225
4.0 700.079 703.651 0.901 1.848 0.172 0.212
6.0 702.672 — 1.848 — 0.198 —
7.5 701.720 — 1.909 — 0.185 —
8.0 701.349 704.788 1.636 0.273 0.212 0.212
8.5 701.005 704.603 1.333 0.758 0.185 0.212
9.0 700.635 704.286 0.667 1.545 0.185 0.212
corresponding to the sub-distributions with centers ωc1
and ωc2, respectively. Function |fθ(ω)|2 in Eq. (6) for
each given angle θ can then be determined by fitting the
measured frequency spectrums with Eq. (12). As illus-
trated in Fig. 3, the simulated frequency distributions
are highly consistent with the experimental spectrums
given the fitting parameters values σ1, σ2, a1, a2, ωc1
and ωc2 listed in Table. I.
To determine the experimental value of ∆n, the fre-
quency distributions generated in Eq. (12) are used to
fit the oscillation periods of the change of the trace dis-
tance and the concurrence in the reported experimental
results. (See Fig. 3 in Ref. [19].) A value of ∆n = 0.0115
is found to achieve the best fit between the simulation
6results and the experimental results. Thus the photon
dynamics χθt in Eq. (5) can be derived from the experi-
mental results and data shown in Ref. [19].
In order to confirm the faithfulness of the process
matrix χθt derived in Eq. (5), the BLP and RHP non-
Markovianity measures are also applied to examine χθt .
The simulation results are again consistent with the ex-
perimental observations in Ref. [19] (Fig. 4). (See Figs.
9 and 10 in Appendixes 1 and 2 for a more detailed dis-
cussions.) Note that, when θ = 6.0◦ and 7.5◦, neither
the experimental results nor the simulation results iden-
tify non-Markovianity when using the BLP and RHP
criteria. The same result is found from all the derived
photon dynamics obtained under the fitting parameters
listed in Table I. Hence the process matrices constructed
with the frequency model in Eq. (12) provided a reliable
means of investigating the non-Markovianity of photon
dynamics.
2. Identifying non-Markovianity using the criterion (10)
In order to compare the experimental results shown in
Fig. 4, we first consider the photon dynamics χθt for θ =
6.0◦ and 7.5◦, corresponding to the Markovian region
in Fig. 4. The quantities of α and β of the dynamical
processes χ6.0t and χ
7.5
t both monotonically decrease with
t, as shown in Fig. 5. The photon dynamics χ6.0t and χ
7.5
t
therefore do not satisfy the criterion in Eq. (10) for the
non-Markovianity.
However, let us now examine the photon dynamics
corresponding to the transition region of non-Markovian
and Markovian dynamics in Fig. 4. As illustrated in
Fig. 6, the values of α6.0χt and β
6.0
χt do not monotoni-
cally decrease. Thus, according to the criterion given
in Eq. (10), the photon dynamics χ4.0t and χ
8.0
t are iden-
tified as non-Markovian.
3. Identifying non-Markovianity using the criterion (11)
To examine the non-Markovianity of χθt using the non-
Markovian criterion in Eq. (11), we first need to compare
α and β of χθt with those of the composite process χ
θ
t2χ
θ
t1 .
Here, we choose t1 = t2 = t/2 (see Fig. 2). The dy-
namical map consisting of the two sub-processes can be
formulated as:
χθt2χ
θ
t1 =
1
4

2 + κθ( t2 )
2
+ κθ∗( t2 )
2
0 0 κθ( t2 )
2 − κθ∗( t2 )
2
0 0 0 0
0 0 0 0
κθ∗( t2 )
2 − κθ( t2 )
2
0 0 2− κθ( t2 )
2 − κθ∗( t2 )
2
 . (13)
Figures 5 and 6 show that there exist clear differences be-
tween α and β for χθt and those for χ
θ
t2χ
θ
t1 for almost all of
the time periods. The results thus provide clear evidence
of non-Markovian dynamics according to Eq. (11). In
other words, the photon dynamics for θ = 4.0◦, 6.0◦, 7.5◦
and 8.0◦ are classified as non-Markovian.
C. Discussions
1. Comparisons
Figure 5 shows that when the non-Markovianity of
a dynamical process is characterized by examining the
changes in the amount of quantum process over time, the
non-Markovianity of the photon dynamics can be suc-
cessfully identified using the criterion given in Eq. (11).
By contrast, such non-Markovianity cannot be identified
using the BLP or RHP criterion. Indeed, all of the pho-
ton dynamics χθt for 4.0
◦ < θ < 8.0◦ classified as Marko-
vian by the BLP and RHP criteria are identified as non-
Markovian by the criterion (11). However, for all of the
other tilt angles considered in Table I, the corresponding
photon dynamics are classified as non-Markovian by all
the non-Markovian criteria.
According to the LFS criterion, all of the photon dy-
namics for the cases considered in Table. I are non-
Markovian other than those for χ6.0t and χ
7.5
t . It is noted
that this result is consistent with that obtained using the
BLP and RHP non-Markovian criteria. For each setting
shown in Table I, the simulation results obtained using
the LFS non-Markovian criterion for each of the parame-
ter settings shown in Table. I are presented in Appendix
3.
2. Switching non-Markovian photon dynamics to
Markovian photon dynamics
According to the comparisons in Sec. IV C 1, the crite-
rion (11) can be used to classify non-Markovianity of the
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FIG. 5. Changes of composition and robustness over time for
χθt and χ
θ
t2χ
θ
t1 , where θ = 6.0
◦ and 7.5◦. The λ0 is 702 nm,
which denotes the effective path difference corresponding to
Ref. [19]. Since α6.0χt (β
6.0
χt ) monotonically decays with time,
the system dynamics cannot be identified as non-Markovian
using Eq. (10). However, the existence of differences be-
tween α6.0χt and α
6.0
χt2χt1
(β6.0χt and β
6.0
χt2χt1
) indicates the non-
Markovianity of the photon dynamics in accordance with the
criterion in Eq. (11). These features can be seen when char-
acterizing χ7.5t . Thus, χ
6.0
t and χ
7.5
t are both identified as
non-Markovian by the criterion (11). Note, however, that
they are classified as Markovian by the BLP and RHP crite-
ria in Ref. [19].
photon dynamical processes that are classified as Marko-
vian by the BLP, RHP, and LFS criteria. As such, it
provides a useful tool for realizing more accurate system-
environment quantum engineering designs. This benefit
is illustrated in the following, in which the all-optical
set-up in Fig. 1 is used to switch the photon dynamics
from non-Markovian to Markovian.
Let us state by considering a single frequency distri-
bution centered at ωs rather than the two Gaussian dis-
tributions considered in Eq. (12). Term κθ(t) in Eqs.
(5) and (13) is found to be eiωs∆nt following the Fourier
transformation. In other words, χθt describes a unitary
transformation. This satisfies the Markovian condition
in Eq. (7). Thus it can be inferred that, as the value of
σ reduces, the photon dynamics approach a Markovian
process. Accordingly, the transition of the photon dy-
namics from non-Markovian to Markovian, as identified
by criterion in Eq. (11), can be simulated by modifying
the value of σ in Eq. (12).
To compare the present observations with the previous
experiment in Ref. [19], consider the case of χ6.0t , for ex-
ample, which is the most Markovian part characterized
by the BLP and RHP non-Markovian criteria (see Fig.
4). Let the evolution time be chosen as t = 160λ0, where
this choice depends on the evolution time of the photons
in the experiment (see Fig. 3 in Ref. [19]). In classifying
the photon dynamics using Eq. (11), both the single pro-
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FIG. 6. Changes of composition and robustness over time for
χθt and χ
θ
t2χ
θ
t1 , where θ = 4.0
◦ and 8.0◦. The results show
that the photon dynamics not only satisfy the non-Markovian
criterion in Eq. (10), but also the criterion in Eq. (11). Hence,
χ4.0t and χ
8.0
t are thus both identified as non-Markovian. This
result is consistent with that obtained from the BLP and
RHP criteria in Ref. [19].
cess and the related subprocesses are of interest. Thus,
the time intervals are divided into two equal parts (e.g.,
as shown in Fig. 2); resulting in t1 = 80λ0. A minimum
resolution of 1% is assumed for both N 6.0α and N
6.0
β in
order to account for potential errors in the experiments.
In other words, if both N 6.0α and N
6.0
β < 1% during
evolution time t = 160λ0, the changes of α and β of
the original process and those of the two sub-processes,
respectively, are recognized as being the same.
Figure 7 shows the values of N 6.0α and N
6.0
β at t =
160λ0 given different choices of σ. The results confirm
that N 6.0α and N
6.0
β are both less than 1% when σ <
0.1093. In other words, the photon dynamics χ6.0160λ0 are
changed to Markovian when σ < 0.1093, as evaluated by
the criterion in Eq. (11).
To confirm the results obtained from Fig. 7 for the
switching of dynamics from non-Markovian to Marko-
vian under criterion (11), we consider the simulated
frequency spectrum |f6.0(ω)|2 shown in Fig. 8(a) with
σ = 0.1092. The photon dynamics corresponding to this
frequency distribution can be determined in the form
of Eqs. (5) and (13). Figure 8(b) shows the changes of
α6.0χt and α
6.0
χt2χt1
, together with those of β6.0χt and β
6.0
χt2χt1
,
over time from t = 0 to t = 160λ0. As shown, α
6.0
χt and
α6.0χt2χt1 (β
6.0
χt and β
6.0
χt2χt1
) not only monotonically de-
crease with time, but also have a difference between them
of less than 1% (N 6.0α = 0.0099 and N
6.0
β = 0.0073).
Notably, this result does not satisfy either Eq. (10) or
Eq. (11). Hence, it can be confirmed that χ6.0t does in-
deed switch to Markovian dynamics when σ < 0.1093.
It is worth noting that, if the 4 nm (FWHM) filter used
in the experimental set-up in Ref. [19] is replaced with
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FIG. 7. N 6.0α and N
6.0
β with different σ at t = 160λ0. By
adjusting the value of σ in Eq. (12), the photon dynamics can
be switched from non-Markovian (white area) to Markovian
(gray area) when σ < 0.1093 (FWHM < 0.2574), as identified
by Eq. (11).
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FIG. 8. Conditions and evidence for switching χ6.0t to the
Markovian dynamics under the criterion (11). (a) The con-
ditions of ωc = 702.6720 nm and σ = 0.1092 nm constituting
a single-peak frequency spectrum are used to switch χ6.0t to
a Markovian process. (b) The evidence of switching χ6.0t to a
Markovian process. The α6.0χt and α
6.0
χt2χt1
(β6.0χt and β
6.0
χt2χt1
)
monotonically decrease over time from t = 0 to t = 160λ0.
There exists a difference which is less than 1% between them
(N 6.0α = 0.0099 and N
6.0
β = 0.0073). These results do not
satisfy either Eq. (10) or Eq. (11) under the chosen condi-
tions.
a filter with a FWHM of less than 0.2574 nm, the pho-
ton dynamics at θ = 6.0◦ and 7.5◦ are characterized as
Markovian by both criterion (10) and criterion (11).
V. CONCLUSION AND OUTLOOK
This study has investigated the non-Markovianity of
the photon dynamics in a birefringent crystal. Process
matrices of the polarization state have been faithfully de-
rived from the experimental data reported in the seminal
study of Liu et al. [19]. Given this complete description
of the dynamical process, one can know the difference
between the quantity of quantum-mechanical process in
a complete dynamics and that in a process consisting
of two sub-processes. It has been shown that the non-
Markovian criterion based on this difference can be used
to classify non-Markovianity in the dynamical processes
that are classified as Markovian by analyzing state prop-
erties [15–18], or by analyzing the quantity of quantum-
mechanical process changing with time. In particular,
the photon dynamics which are identified as Markovian
in Ref. [19] are reliably identified as non-Markovian dy-
namics by this criterion. The study has also demon-
strated the feasibility for switching the photon dynamics
from non-Markovian to Markovian using an all-optical
set-up. In other words, the results confirm that the con-
dition on the quantity of the quantum-mechanical pro-
cess can enhance the accuracy and control of quantum
system designs for quantum engineering applications.
Future studies may usefully examine whether such a
criterion retains the same capability to identify non-
Markovianity for general open quantum systems, in
which the nonlocal memory effects induced by the ini-
tial correlations between local parts of the environment
[31, 32] must also be taken into consideration. In addi-
tion, considering the errors induced in experiment (such
as the counting statistics and the uncertainty of the tilt
angles of the experimental elements [33]) in the form of
composition and robustness, the accuracy of the criteria
can be further improved at the corresponding experi-
mental circumstance.
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Appendix: Other non-Markovian criteria
In order to compare the results of identifying the non-
Markovianity of the photon dynamics by different non-
Markovian criteria, this section commences by briefly
introducing the BLP, RHP, and LFS non-Markovian cri-
teria, and then uses these criteria to investigate the con-
structed process matrices in Eq. (5). Using the BLP
and RHP criteria, the process matrices derived from
the experimental data are proved to be in accordance
with the photon dynamics in Ref. [19]. On the other
hand, the difference of the capability to classify non-
Markovianity between these criteria and the HCL crite-
ria can be found. (See Sec. IV C 1.)
1. BLP criterion
The concept of the BLP criterion is based on the con-
tractive property of the trace distance which denotes
90 500 1000 1500
0
0.2
0.4
0.6
0.8
1
Tr
ac
e 
Di
sta
nc
e
1.0
0.
0.
0.4
0.2
0
0 500 1000 1500
Time (unit: λ0)
9.0°
8.5°
8.0°
7.5°
6.0°
4.0°
3.5°
2.5°
1.5°
(a)(b)
FIG. 9. Non-Markovianity of the experimental dynam-
ics identified by the BLP non-Markovian criterion. (a)
Schematic illustration showing basic concept of the BLP cri-
terion. (b) Identification of the non-Markovianity of χθt in
Eq. (5) using the BLP criterion. The quantities of the trace
distance when θ = 6.0◦ and 7.5◦ monotonically decrease over
time, leading to NBLP = 0. In other words, the photon
dynamics χ6.0t and χ
7.5
t are classified as Markovian by the
BLP criterion, while the remaining photon dynamics are non-
Markovian. Notably, the photon dynamics when θ = 6.0◦
and 7.5◦ are experimentally characterized as Markovian in
Ref. [19]. (See Fig. 4 in Sec. IV A.)
the ability to distinguish two different states. Consider,
for instance, the trace distance of two initial system
states, ρS0,1 and ρ
S
0,2, written as D
S
0 = ‖ρS0,1 − ρS0,2‖/2,
where ‖ρS0,1 − ρS0,2‖ = tr[
√
(ρS0,1 − ρS0,2)†(ρS0,1 − ρS0,2)].
After undergoing the photon dynamics χθt , the trace
distance of the final states can be expressed as
DSt = ‖χθt (ρS0,1)− χθt (ρS0,2)‖/2 = ‖ρSt,1 − ρSt,2‖/2. [See
Fig. 9(a).]
According to the contractive property, any CPTP map
χθt gives rise to a decrease of trace distance [2]. As guar-
anteed by the semigroup property (see Sec. III A), if
χθt is Markovian, the decomposed subprocesses χ
θ
t1 and
χθt2 are also CPTP maps, leading to D
S
0 ≥ DSt1 ≥ DSt
for arbitrary time t1. In other words, if χ
θ
t is divisible
(Markovian), the trace distance monotonically decreases
over time. Thus, if any increase of the trace distance in-
duced by the sub-processes for arbitrary time interval t1
is observed, the χθt is said to be non-Markovian. The
increased quantity of the trace distance is then defined
as the non-Markovianity of χθt under the BLP criterion,
i.e.,
NBLP = max
ρS0,1,ρ
S
0,2
∫
dD
dt >0
dt
d
dt
DSt . (A.1)
The results obtained when identifying the non-
Markovianity of the photon dynamics given in Table. I
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FIG. 10. Non-Markovianity of the experimental dynam-
ics identified by the RHP non-Markovian criterion. (a)
Schematic illustration showing basic concept of the RHP cri-
terion. (b) Identification of the non-Markovianity of χθt in
Eq. (5) using the RHP criterion. The amounts of the concur-
rence when θ = 6.0◦ and 7.5◦ monotonically decrease over
time. Thus, the photon dynamics χ6.0t and χ
7.5
t are Marko-
vian since NRHP = 0. The other dynamics are identified
as non-Markovian by the RHP criterion. These results are
consistent with the experimental findings in [19].
using the BLP criterion are shown in Fig. 9(b).
It is worth noting that, to implement the BLP cri-
terion, one needs to find an optimal set of the initial
states, ρS0,1 and ρ
S
0,2, to reflect the maximum amount of
non-Markovianity, whereas the RHP criterion, LFS cri-
terion and HCL criteria are independent of initial states
for the dynamical process.
2. RHP criterion
The RHP criterion is based on the change of intensity
of the entanglement between the system and an ancilla,
which is kept isolated from the decoherence environment.
The intensity of the entanglement can be described in
a concurrence form [30], as illustrated in Fig. 10(a).
The state of the principal system and the ancilla is ini-
tially prepared in a maximally entangled state, ρSA0 =∣∣ψSA0 〉 〈ψSA0 ∣∣, where ∣∣ψSA0 〉 = (∣∣HSHA〉+ ∣∣V SV A〉)/√2.
After the principal system undergoes the photon dynam-
ics χθt , the state of the composite system changes to
ρSAt = χ
θ
t ⊗ IAt (ρSA0 ), where IAt denotes an identity pro-
cess operating on the ancilla. The final state ρSAt can
be measured using two-photon state tomography. The
concurrence C of ρSA0 and ρ
SA
t can then be determined
as [30]:
C(ρSA) = max(0,
√
e1 −√e2 −√e3 −√e4), (A.2)
10
where ei are the eigenvalues of ρ
SA(Y ⊗Y )ρSA∗(Y ⊗Y ),
in which Y is the Pauli matrix and ρSA
∗
is the complex
conjugate of ρSA.
Since local CPTP maps χθt do not increase the corre-
lation between the principal system and the ancilla, any
CPTP χθt1 and χ
θ
t2 decomposed from χ
θ
t with arbitrary
time t1 do not increase the concurrence when the sys-
tem undergoes these subprocesses. Furthermore, if χθt is
divisible, i.e., is Markovian, the concurrence monotoni-
cally decreases over time, leading to C(ρSA0 ) ≥ C(ρSAt1 ) ≥
C(ρSAt ). Hence the increase of the concurrence is then
defined as the non-Markovianity of χθt , i.e.,
NRHP =
∫
dC
dt >0
dt
d
dt
C(ρSAt ). (A.3)
The results obtained when identifying the non-
Markovianity of the photon dynamics given in Table I
using the RHP criterion are shown in Fig. 10(b).
Note that, to use RHP criterion, we first need to pre-
pare the system and the ancilla in a maximally entangled
state. If such an initial state is not ideally prepared to be
maximally entangled, there exist possible errors in cer-
tifying non-Markovianity by the RHP criterion. Com-
pared with the RHP criterion, the HCL criterion (11)
directly use semigroup property to examine whether a
process can be decomposed into two subprocesses, which
makes it possible to identify non-Markovianity for pro-
cesses classified as Markovian by the RHP criterion.
3. The LFS criterion
In employing an ancilla to identify the non-
Markovianity of χθt , the underlying concept of the LFS
criterion is similar to that of the RHP criterion. How-
ever, instead of quantifying the correlations between the
principal system and the ancilla by entanglement, the
LFS criterion utilizes a mutual information measure to
identify non-Markovianity [see Fig. 11(a)]. The amount
of mutual information can be expressed as I(ρSAt ) =
S(ρSt ) + S(ρ
A
t ) − S(ρSAt ), where S = −tr[ρ log2 ρ] de-
notes the von Neumann entropy, and ρSt = trA[ρ
SA
t ] and
ρAt = trS [ρ
SA
t ] are the reduced states of the system and
ancilla, respectively. It is clear that, if the initial state of
the system and the ancilla are not maximally entangled,
we cannot faithfully identify the non-Markovianity using
the LFS criterion.
From this perspective, the reduction of I(ρSAt ) can be
interpreted as a loss of information from the principal
system into the environment during the Markovian evo-
lution. Thus, if χθt is Markovian, the reduction of the
mutual information is monotonic over time. Conversely,
if I(ρSAt ) increases, the information flows back from the
environment into the principal system. The amount by
which the mutual information increases can then be de-
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FIG. 11. Non-Markovianity of the experimental dynamics
identified by the LFS non-Markovian criterion. (a) Schematic
illustration showing a basic concept of the LFS criterion. (b)
Identification of the non-Markovianity of χθt in Eq. (5) us-
ing the LFS criterion. The amounts of the mutual informa-
tion when θ = 6.0◦ and 7.5◦ monotonically decrease with
time. Thus, the photon dynamics χ6.0t and χ
7.5
t are certified
as Markovian. By contrast, the other dynamics are all identi-
fied as non-Markovian. Notably, these results are consistent
with those obtained using the BLP and RHP criteria.
fined as the non-Markovianity of χθt , i.e.,
NLFS =
∫
dI
dt>0
dt
d
dt
I(ρSAt ). (A.4)
The results obtained when identifying the non-
Markovianity of the photon dynamics given in Table. I
using the LFS criterion are shown in Fig. 11(b).
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